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So far...

» Supervised machine learning

Linear models

Non-linear models

» Unsupervised machine learning

» Generic scaffolding
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So far...

» Supervised machine learning

Linear models
Least squares regression, SVR

Fisher’s discriminant, Perceptron, Logistic model, SVM

Non-linear models

Neural networks, Decision trees, Association rules

» Unsupervised machine learning
Clustering/EM, PCA

» Generic scaffolding
Probabilistic modeling, ML/MAP estimation
Performance evaluation, Statistical learning theory

Linear algebra, Optimization methods
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Coming up next...

» Supervised machine learning

Linear models
Least squares regression, SVR

Fisher’s discriminant, Perceptron, Logistic model, SVM

Non-linear models

Neural networks, Decision trees, Association rules

Kernel-XXX

» Unsupervised machine learning
Clustering/EM, PCA, Kernel-XXX

» Generic scaffolding
Probabilistic modeling, ML/MAP estimation
Performance evaluation, Statistical learning theory
Linear algebra, Optimization methods

Kernels

May 26,2013
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» Logistic regression, Perceptron, Max. margin,

Fisher’s discriminant, Linear regression, Ridge
Regression, LASSO, ...:

flx) =
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» Logistic regression, Perceptron, Max. margin,

Fisher’s discriminant, Linear regression, Ridge
Regression, LASSO, ...:
f(x)=wlx+b
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» Logistic regression, Perceptron, Max. margin,
Fisher’s discriminant, Linear regression, Ridge

Regression, LASSO, ...:
f(x)=wlx+b
» PCA, LDA| ICA, ...:
f(x) =
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» Logistic regression, Perceptron, Max. margin,
Fisher’s discriminant, Linear regression, Ridge

Regression, LASSO, ...:
f(x)=wlx+b
» PCA, LDA| ICA, ...:
f(x) = Ax
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» Logistic regression, Perceptron, Max. margin,
Fisher’s discriminant, Linear regression, Ridge

Regression, LASSO, ...:
f(x)=wlx+b
» PCA, LDA, ICA, ...:
fx) = Ax
» K-means:

Ci = EXL].

» CCA,GLM, ...
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Too much linear

» Logistic regression, Perceptron, Max. margin,
Fish o dge
Reg| A o ‘C_ ' ~

/ , By
» PC/ S

~ \_ .

» CCA,GLM, ...
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Linear is not enough

» Limited generalization ability
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Linear is not enough

» Limited generalization ability
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Linear is not enough

» Limited applicability

Text?
Ordinal/Nominal data!?
Graphs/Trees/Networks!?
Shapes!
Graph nodes!?

May 26,2013
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Solutions
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Solutions

» Feature space

» Kernels
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Solutions

» Feature space

Nonlinear feature spaces

» Kernels

The Kernel Trick
Dual representation

Important idea #1

.

Important idea #2

Important idea #3

May 26,2013



f(x) =wx

Ty

10
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x = x' = ¢p(x) = (x,x2, x3)
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Nonlinear feature space il

x = x' = ¢p(x) = (x,x2, x3)
f(x,) = W1 X —+ szz ~+ W3x3

J | | | | | | |

0 2 4 6 8 10
May 26,2013
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0.0 0.5 1.0 1.9

% & 0 0
0.5

-1.0

-1.9

X = (,b(X) — (X, x° —X)
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Nonlinear feature space e

f(x) =w'¢(x)
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+Support for arbitrary data typeS‘*'-c";z:@\ng

¢ (text) = word counts
¢ (graph) = node degrees
¢ (tree) = path lengths
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What if the dimensionality is hlgﬁ
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(X1, X9, ey X)) = (X1X1, X1X2, eory Xy Xy )
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What if the dimensionality is high#

(X1, X9, ey X)) = (X1X1, X1X2, eory Xy Xy )
0(m?) elements

For all k-wise products: O(mk)
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy X))

» Consider

(@), 6)) = ) $(XydDy
L
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy X))

» Consider

(@), 6)) = ) $(XydDy
L

= 2 XiXiYiYj

L
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy X))

» Consider

(@), 6)) = ) $(XydDy
L

= 2 XiXjYiYj = 2 XiYiXjYj

L] L]
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy X))

» Consider

(@), 6)) = ) $(XydDy
L

= 2 XiXjYilVj = 2 XiYiX;jYj
ij ij

= z XiYi 2 XjYj
i j
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy X))

» Consider

(@), 6)) = ) $(XydDy
L

= 2 XiXjYiYVj = 2 XiYiX;jYj
ij ij
2
= z XiYi 2 XjYj = (2 Xi)M’i)
i > ay 2§,2013
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy X))

» Consider

(@), 6)) = ) $(XydDy
L

= (Z xi)’i)z = (x,¥)*

l
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The Kernel Trick

» Let p(x) = (X1, X1 X9, o) Xy X))

» Consider

(@), 6)) = ) $(XydDy
L

= (Z xi)’i)z = (x,¥)*

l




The Kernel Trick

» Let

» Col Polynomial kernel

K(x,y) = ((x,y) + R)*

\& / L * &
W,




The Kernel Trick

What about;
K(x,y) = (x,y) + 0.5(x, y)*?

May 26,2013
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The Kernel Trick

What about;
K(x,y) = (x,y) + 0.5(x, y)*

_ 2 x;y; + 0.5 2 bi; ()i (¥)

L L]
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The Kernel Trick

What about;
K(x,y) = (x,y) + 0.5(x, y)*

2 Xiy; +0, 52% ()P4 (¥)

= ((xl, ey X, \/O.lexl, ...,\/O.Sxmxm)J
(371, e Ymo \/0-5}71}71, )\/OSymym)>
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The Kernel Trick 6 S

What about: @

K(x,y) = (x,y) + 0.5(x, y)*
Z x;yi + 0. 52 $ii(x)p;i(¥)

= ((xl, ey X, \/O.lexl, . \/().Sxmxm),
(V1 o0r Yo V0511, e, V0.5V )

26,2013



The Kernel Trick
What about;

K(xy) =1+ (6,y) +5 (x,9) +

L) + ()2
g Y T oY
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The Kernel Trick
What about;

Klxy) = 2 <x’i!y>
1=0

May 26,2013
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The Kernel Trick
What about:

ke =5 E2 ey
1=0
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The Kernel Trick EN

5
N |

What about:

K(x,y) = 2 (x,i?/) = exp(x,y)
i=0

Infinite-dimensional feature space!

MOTHER OF GOD...

May 26,2013
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The Kernel Trick

Gaussian kernel

K( Kx,y) =

= exp(—v|lx — y[|*)
I O el
b 202
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The Kernel Trick

K (

Exponential kernel

|x — ¥yl

K(x,y) = eXp( 52

|
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http://crsouza.blogspot.com/2010/03/kernel-functions-for-machine-learning.html

Kernels Sk

o . llE =yl
. Elx,y) = s
k(a.y) = 2Ty + o oy = VIE—gFFE OV T g™ o
1
. r — yl? kle.y) =
k(ay) = (axty + ) k{x.y) = exp (—HPF,—E;”) Ve =yl + 2
20°
b(z.) — llz —yll 2 le=oll, 2l =yl [, (llz =yl
(2, y) =exp | — 252 k(r.y) = — arccos| — — ) — — - /1 — ( - )
T ol T T \ o
ky2yd
) Z B e N W | ,
= ry)=1-5— 3 o k(x.y) = —logl|lz —yl|* +1)
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Structured data kernels

» String kernels
P-spectrum kernels
All-subsequences kernels
Gap-weighted subsequences kernels

» Graph & tree kernels
Co-rooted subtrees
All subtrees

Random walks

May 26,2013




Kernel

» A function K (x,y) is a kernel, if

K(x,y) = {(¢p(x), ¢(y))

for some feature map ¢.

May 26,2013
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Kernel matrix

» For a given kernel function K and a finite
dataset (x{, X5, ..., X, ) the n X n matrix

Kij = K(xl-,xj)

is called the kernel matrix.

May 26,2013




Kernel matrix

» Let X be the data matrix, then
K = Xx"
is the kernel matrix for the linear kernel

K(x,y) =x"y

May 26,2013
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Kernel matrix

.?

» Let X be the data matrix, then
K = Xx"
is the kernel matrix for the linear kernel

K(x,y) =x"y

» Let ¢ be a feature mapping. Then*

K=¢X)pX)"

is the kernel matrix for the corresponding

kernel K (x,y) = (¢(x), $(y)).

May 26,2013



Kernel theorem

» Not every function K is a kernel!

Example!?

May 26,2013
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Kernel theorem

» Not every function K is a kernel!
e.g. K(x,y) = —1isnot

» Not every n X n matrix is a Kernel matrix!

May 26,2013
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Kernel theorem

» Theorem:

K is a kernel function & K is symmetric positive
semidefinite

» A function is positive semidefinite iff for any
finite dataset {x, X5, ..., X, } the corresponding
kernel matrix is positive semidefinite.

May 26,2013



Kernel closure

% ¢ Xt % Xt
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($ z) + ka(z, 2)
r1(z, 2)
(I,E) 2( )
x)f(z) w here f 1s a real-valued function
(o(x }ﬁi‘(ﬂ))

P. Agius — L3, Spring 2008
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Kernel closure it

% ¢ Xt % Xt

Feature Space concatenation

1z, 2) + kalz, 2)

ki(z, z)ko(x, 2)

— f(2)f(z) where f is a real-valued function
K3

x

(6(z),0(2))

"Bz where B is a psd matrix.
P. Agius — L3, Spring 2008
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Kernel closure

% ¢ Xt % Xt

P. Agius — L3, Spring 2008
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Kernel closure i
* K(z,z)
* K(z,z)
* k(z, 2)
* k(x,z) = f(x)f(z) where f 1s a real-valued function
* k(z,2) = k3(o(x), 9(2))
* k(x,z) = 21 Bz where B is a psd matrix.

P. Agius — L3, Spring 2008

May 26,2013
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Kernel closure sty
* ( ):H1($jz)~|—ﬁg($?2§)
* Kz, z) = aky(z, 2)
* k(w,2) = Ki(z, 2)k2(a
* k(z,z)=f | cd function
* Kz, z) =Fs3(0(x), 0(2))
* k(x,z) = 21 Bz where B is a psd matrix.

P. Agius — L3, Spring 2008
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Kernel normalization

» Let @' (x) = plx)

lp ()|
» Then
K'(x,y) =(¢'(x), 9" (y)) =
<¢(X) $(y) - (), ¢(y))
leCON NN T ORI
K(x,y)

" IR DK, )

May 26,2013



Kernel matrix normalization

» Then

K'(x,y) = (¢ (x), 9" (y)) =

SO 60)  $.900)
6@ 6~ JTe@IFTe0T

_ K(x,y)
JKG, 0K (v, y)

: Kij
Kl] o—
VKiiKj;

May 26,2013
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. . s [l
Kernel matrix centering
D
X; > Xi—— ) X
l l n - k

May 26,2013



Kernel matrix centering

1
X: D X: ——
l l n

3

k

CHALLENGE ACCEPTED




Kernel matrix centering

1
Xi %xi—EZxk
k
1
X—>X—£1n1,7;X

May 26,2013



Kernel matrix centering

1
Xi %xi—EZxk
k
1
X—>X—Eln1,7;X

1
XX’ - (X — EllTX) (X

n

1
——11TXx

May 26,2013
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Kernel matrix centering

12
X;: 2> X; —— X
l l n k

K
1
X — X — ElnlﬂX
1 1
XXT s X——11"X|(X——11"Xx
n n
) o. ¢
1 1
- XX ——117xXx" ——xxT11"
" n n

4+ ﬂ_Z 11TXXT11T May 26,2013
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Kernel matrix centering

ho d
1 1
- XXT ——117XX" — —xXx"117
L !
+—11"Xxx"11"
n
Kcent
1 1 1
=K—-—-11"K - —K11" + —11"K11"
n n n
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The Dual Representation
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» Let A be the input space, and let B be the
higher-dimensional feature space.

» Let ¢p: A — B be the feature map.
» Fix a dataset {x1,X5,...,x,} C A

» Let w = Zi al-qb(xl-) €EB

» We say that «; are the dual coordinates for w.

~'C
- May 26,2013
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Dual coordinates

W = Z a;ip(x;) =pX)'a=E"a

Note that EE.l‘T =d(X)p(X)! = K

Now we can do all of the useful stuff using dual
coordinates only.

May 26,2013



Dual coordinates

Let
w==:2la
u=%:'p
Then
2W =

May 26,2013



Dual coordinates

Let

Then

w==%2Tqa
u:

'

2w = E1 2a)

May 26,2013




Dual coordinates

Let

Then

w==%2Tqa
u:

'

2w = E1'2a)
w+u=

May 26,2013
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Dual coordinates
Let
w==2"qa
u=%:'p
Then

2w = E12a)
w+u=E2"(a+p)

May 26,2013
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Dual coordinates

Let

Then

w==%2Tqa
u:

'

2w = E12a)
w+u=E(a+p)
(w,u) =

May 26,2013




Dual coordinates

Let
w==:2la
u=%:'p
Then
2w = E12a)
w+u=E(a+ )
(w,u) = wlu = a Z27

= a'KpB

May 26,2013



Dual coordinates

Let

Then

w==%2Tqa
u:

'

2w = E1'2a)
w+u=E(a+p)

(w,u) = wiu = aZZ' g = aKp

lw — ul|* =

May 26,2013



Dual coordinates

Let
w==:2la
u==2'p
Then
2w = E1'2a)
w+u=E"(a+p)
(w,u) = w'u = aZZ" g = aKp
lw—-ull? =ww+u'u-2wlu=--

May 26,2013

[

(’fNSIS N

S -1

=%
7.
%, |



& Q
: Y
Dual coordinates

Let
w==2lqa
u = ETﬁ ), /
Then g &
= s IS
2w = & (_ZTa) NOT BAD
w+u=E(a+p)
(w,u) = wlu = aZETB = aKf
lw—ull? =ww+uTu-2wTu= -

May 26,2013



Kernelization

» Recall the Perceptron:

May 26,2013




Kernelization

» Recall the Perceptron:

Initialize w := 0
Find a misclassified example (x;, y;)
Update weights:

W= W+ UyX;

b:=b+ uy;

May 26,2013




Kernelization

» Recall the Perceptron:

Initialize w =0 a:=0
Find a misclassified example (x;, y;)
Update weights:

Wi=W+ UyX;

b:= Db+ puy;

May 26,2013




Kernelization

» Recall the Perceptron:

Initialize w =0 a:=0
Find a misclassified example (x;, y;)
Update weights:
Wi=W+ UyX; @ a; = a; + Uy,
b= b+ py;

May 26,2013




Kernelization

» Recall the Perceptron:

Initialize ¢ :== 0
Find a misclassified example (x;, y;)

Update weights:
a; = a; + 1y;
b= b+ py;

May 26,2013




Kernelization
» Recall the Perceptron:
Initialize a := 0

Find a misclassified example (x;, y;)
wixi+b#y, Y ax/x;+b #y

Update weights:
a; = a; + 1y;
b= b+ py;

May 26,2013




Kernelization
» Recall the Perceptron:
Initialize a := 0

Find a misclassified example (x;, y;)
wix,+b+y, o K,a+b+y;

Update weights:
a; = a; + 1y;
b:= b+ uy;

May 26,2013




Kernelization

» Recall the Perceptron:

Initialize a := 0

Find a misclassified example (x;, y;)
K,a+b #vy;

Update weights:
a; == a; + uy;
b= b+ uy;

May 26,



Quiz
Today we heard three important ideas
» Important idea #I:

» Important idea #2:

» Important idea #3:

» Function/matrix K is a kernel function/matrix
iff it is

» Dual representation: =

May 26,2013




Quiz

Those algoritms have kernelized versions:
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